THE TITS CONSTRUCTION AND SOME SIMPLE LIE 
SUPERALGEBRAS IN CHARACTERISTIC 3 



ALBERTO ELDUQUE* 

Abstract. Some simple Lie superalgebras, specific of characteristic 3, 
defined by S. Bouarroudj and D. Leites [BL06] . will be related to the sim- 
ple alternative and commutative superalgebras discovered by LP. Shes- 
takov IShe97l. 



Throughout the paper, the ground field k will always be assumed to be 
of characteristic 7^ 2. 

1. Tits construction 

In 1966 [Tit66| . Tits gave a unified construction of the exceptional simple 
classical Lie algebras by means of two ingredients: a unital composition 
algebra and a degree three simple Jordan algebra. The approach used by 
Benkart and Zelmanov in [BZ96] will be followed here (see also |EO] ) to 
review this construction. 

Let C be a unital composition algebra over the ground field k with norm 
n. Thus, C is a finite dimensional unital /c-algebra, with the nondegenerate 
quadratic form n : C — > k such that n(ab) = n(a)n(b) for any a, b € C. 
Then, each element satisfies the degree 2 equation 

a 2 -t(a)a + n(a)l = 0, (1.1) 

where t (a) = n(a, 1) (= n(a + 1) — n(a) — l) is called the trace. The subspace 
of trace zero elements will be denoted by C . 

Moreover, for any a, b E C, the linear map D ab : C — > C given by 

D a>b (c) = [[a,b],c]+3{a,c,b) (1.2) 

where [a, b] = ab — ba is the commutator, and (a,c,b) = (ac)b — a{cb) the 
associator, is a derivation: the inner derivation determined by the elements 
a, b (sec [Sch95, Chapter III, §8]). These derivations satisfy 

D a ,b = —Db t a, D abc + D hca + D cab = 0, (1.3) 

for any a,b,c G C. The linear span of these derivations will be denoted by 
inftetC. It is an ideal of the whole Lie algebra of derivations dttC and, if 
the characteristic is 7^ 3, it is the whole dttC. 

The dimension of C is restricted to 1, 2, 4 (quaternion algebras) and 8 
(Cayley algebras). If the ground field k is algebraically closed, the only 
unital composition algebra are, up to isomorphism, the ground field k, the 
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cartesian product of two copies of the ground field k x k, the algebra of 
two by two matrices Mat 2 (/c), and the split Cayley algebra C(k). (See, for 
instance, |ZSSS82| Chapter 2].) 

Now, let J be a unital Jordan algebra with a normalized trace tj : J — > k. 
That is, t j is a linear map such that tj(l) = 1 and tj((xy)z) = ij(x(yz)) 
for any x, y, z G J. Then J = kl © J°, where J° = {x £ J : t j(x) = 0}. For 
any x, y G J°, the product xy splits as 

^ = tj{xy)\ + x*y, (1.4) 

with x*y G J°. Then x*y = xy—tj(xy)l gives a commutative multiplication 
on J°. The linear map d x>y : J — > J defined by 

4,2/(2) = a; (#2) - y(xz), (1.5) 

is the inner derivation of J determined by the elements x and y. Since 
dix = for any x, it is enough to deal with the inner derivations d XtV , with 
x,y G J°. The linear span of these derivations will be denoted by incJer J, 
which is an ideal of the whole Lie algebra of derivations dexJ. 

Given C and J as before, consider the space 

T(C, J) = index C © (C° J°) © inOer J (1.6) 

(unadorned tensor products are always considered over k), with the anti- 
commutative multiplication [., .] specified by: 

• index C and index J are Lie subalgebras, 

• [vnOetC, index J] = 0, 

(1.7) 

• [D, a © x] = D(a) © x, [d, a © x] = a © d(x), 

• [a © x, b © y] = tj(xy)D ajb + ([a, 6] © x * y) + 2t(ab)d X}V , 

for all .D G inc)er C, d G inc)er J, a,b £ C°, and x, y G J°. 

The conditions for T(C, J) to be a Lie algebra are the following: 

(i) X/([ ai '° 2 ] a3 ) d (xi*x 2 ),x 3 = 0, 



(ii) * X ^ X ^) D [aua 2 ],a 3 = 0, 

O (1.8) 
(iii) ^2{D aua2 (a 3 ) © tj(xix 2 )x 3 + [[ai,a 2 ],a 3 ] © (x x * x 2 ) * x 3 



O 



+ 2t(a 1 a 2 )a 3 © 41^2(^3)) = 



for any a±, a^, 03 G C° and any xi, x 2 , x 3 G J°. The notation indicates 

O 

summation over the cyclic permutation of the variables. 

These conditions appear in [BE03, Proposition 1.5], but there they are 
stated in the more general setting of superalgebras, a setting we will deal 
with later on. In particular, over fields of characteristic 7^ 3, these conditions 
are fulfilled if J is a separable Jordan algebra of degree three over k and 
tj = |T, where T denotes the generic trace of J (see for instance |Jac68| ). 



TITS CONSTRUCTION IN CHARACTERISTIC 3 



3 



Over an algebraically closed field k of characteristic 7^ 3, the degree 3 
simple Jordan algebras are, up to isomorphism, the algebras of 3 x 3 her- 
mitian matrices over a unital composition algebra: H 3 (C) (see [ Jac68| ) . 
By varying C and C, T(C, H 3 (C')) is a classical simple Lie algebra, and 
Freudenthal's Magic Square (Table [Jj) is obtained. 



H 3 {k) H 3 (kxk) g 3 (Mat 2 (fe)) H 3 {C{k)) 



k 


A! 


A 2 


c 3 


F,L 


k x k 


A 2 


A 2 ®A 2 


A 5 


Ee, 


Mat 2 (fc) 


c 3 


As 


D 6 


E" 


C(k) 




E 6 


E 7 


Ex 



Table 1. Freudenthal's Magic Square 



Let us have a look at the rows in the Tits construction of Freudenthal's 
Magic Square. 

First row: Here C = k, so C° = and index C = 0. Thus, T(C,J) is 
just index J. In particular, T(k, J) makes sense and is a Lie algebra for any 
Jordan algebra J. 

Second row: Here C = k x k, so C° consists of the scalar multiples of 
(1, —1), and thus T(C, J) can be identified with J° © inUet J. The elements 
in J° multiply as [x,y] = 4d XtV because i((l, — l) 2 ) = t ((1, 1)) = 2. Given 
any Jordan algebra J, its Lie multiplication algebra C(J) (sec [Sch95j) is 
the Lie subalgebra of the general linear Lie algebra g(( J) generated by lj = 
{l x : x € J}, where l x : y i— > xy denotes the left multiplication by x. Then 
C(J) =lj © index J. The map 

T(C, J) - C(J) 
(1, -1) <g) x + d i-*- 2l x + d, 

is a monomorphism. Its image is £°(J) = Ijo © index J. Again this shows 
that T(k x k, J) makes sense and is a Lie algebra for any Jordan algebra 
with a normalized trace. Given any separable Jordan algebra of degree 3 
over a field k of characteristic ^ 3, C°(J) is precisely the derived algebra 
[C(J), C(J)]. This latter Lie algebra makes sense for any Jordan algebra over 
any field. (Recall that the characteristic is assumed to be ^ 2 throughout.) 

Third row: Here C = Mat2(&) or, if the ground field is not assumed to 
be algebraically closed, C is any quaternion algebra Q. Under these circum- 
stances, Q° is a simple three-dimensional Lie algebra under the commutator 
([a, b] = ab — ba), and any simple three-dimensional Lie algebra appears in 
this way. Besides, for any a, b € Q°, the inner derivation D a j, is just adj a ^, 
since Q is associative. Hence, index Q can be identified with Q°, and T(Q, J) 
with 

Q° © (Q° © J°) © inUet J ~ (Q° © (kl © J )) © index J ~ (Q° © J) © index J, 
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and the Lie bracket (jl.7p in T(Q, J) becomes the bracket in ((5°0 J) ©inDet J 
given by 

• index J is a Lie subalgebra, 

• [d, a x] = a d(x), 

• [a x, b y] = ([a, b] xy) + 2t(ab)d Xi y, 

for any a, 6 G Q°, x,y G J, and d G inc)et J, since tj{xy)\ + x * y = xy 
for any x, y G J. This bracket makes sense for any Jordan algebra (not 
necessarily endowed with a normalized trace), it goes back to (Tit62j and, 
in the split case Q = Mat 2 (A;), the resulting Lie algebra is the well-known 
Tits-Kantor-Koecher Lie algebra of the Jordan algebra J. 

Fourth row: In the last row, C is a Cayley algebra over k. If the charac- 
teristic of the ground field k is ^ 3, the Lie algebra dex C = index C is a simple 
Lie algebra of type G2 (dimension 14), and C° is its unique seven dimen- 
sional irreducible module. In particular, over any algebraically closed field 
of characteristic 7^ 3, the Lie algebra T(C(k),J) is a Lie algebra graded 
over the root system Gi. These GVgraded Lie algebras contain a simple 
subalgebra isomorphic to dexC(k) such that, as modules for this subalge- 
bra, they are direct sums of copies of modules of three types: adjoint, the 
irreducible seven dimensional module, and the trivial one dimensional mod- 
ule. These Lie algebras have been determined in [BZ96j and the possible 
Jordan algebras involved are essentially the degree 3 Jordan algebras. 

In characteristic 3, however, the situation is completely different. To 
begin with, given a Cayley algebra C over a field k of characteristic 3, 
its Lie algebra of derivations dtxC is no longer simple (see [AEMN02J) but 
contains a unique minimal ideal, which is precisely tnOer C = &d c o (note that 
Daj, = ad[ a b ] in characteristic 3 because of (|1.2p ). which is isomorphic to the 
Lie(!) algebra (C , [., .]). This latter Lie algebra is a form of the projective 
special linear Lie algebra psl 3 (k) (and any form of psl 3 (k) appears in this 
way [Eld98t §4]). Moreover, in [AEMN02] it is shown that the quotient 
Dzx C/inVtx C = DtxC / ad c o is isomorphic too, as a Lie algebra, to (C°, [., .]) . 
Therefore, the algebra T(C, J) in (jl.6p can be identified in this case with 

C° (C° J°) inOer J ~ (C° (kl J)) index J 

~ (C° J) index J, 

and hence, as a module for index C ~ C , it is a direct sum of copies of the 
adjoint module and of the trivial module. The Lie algebras and superalge- 
bras with these properties will be determined in this paper. 

2. A family of Lie algebras 

Throughout this section, the ground field k will be always assumed to be 
of characteristic 3. Let C be a Cayley algebra, that is, an eight dimensional 
unital composition algebra over k, and let C° denote its subspace of trace 
zero elements. 
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For any a, b, c € c, a simple computation using that the associator is skew 
symmetric on its arguments since C is alternative gives: 

[[a,b],c+ [[b,c],a] + [[c,a],6] 

= (a, b, c) — (6, a, c) + (6, c, a) — (c, 6, a) + (c, a, 6) — (a, c, 6) 

= 6(o,6,c) = 0. 

Hence C is a Lie algebra under the bracket [a, 6] = ab — ba, and C° is an 
ideal of C. Besides, for any a, b G C°, since the subalgebra generated by any 
two elements in C is associative (Artin's Theorem, see [Sch95] ). one obtains 

[[a, b], b] = ab 2 + b 2 a-2bab 

= ab 2 + b(ba + ab) (as 2 = -1) 

= —n(b)a — n(a, b)b (as a 2 = —n(a)l for any a & C°) 

Thus, for any a, b G C°, 

[[a, 6], 6] =n(b,b)a-n(a,b)b. (2.1) 

If C is split, then it contains a basis {ei, e2, ui, w 2 , «3, «i, v^, V3} with 
multiplication given by (see [Sch95t IZSSS82] ) : 

e 2 = ei, i = 1, 2, eie 2 = e 2 ei = 0, 

e\Uj = Uj = Uje2, &2Vj = Vj = vjei, j = 1, 2, 3, 

e2Uj = Ujei = = e\Vj = Vje2, j = 1, 2, 3, 

UjVj = —Sijei, V{Uj = —5ije2, i,j = 1,2,3 (5ij is 1 for i = j, otherwise) 
UiUj = e ijk v k , ViVj = e ijk u k , (e ijk skew symmetric with €123 = 1). 

(2.2) 

Moreover, 

n(ei) = = n(uj,u k ) = n(vj,v k ), i = 1,2, j, k = 1,2,3, 
n(ei 5 e 2 ) = l, n(uj,v k )5 jk , j, k = 1,2, 3. 

Then, with /i = ei — e 2 , C° is the linear span of {h, u\, u 2 , U3, v\, f 2 , U3}, and 
these elements multiply as: 

[h,uj] = 2uj, [h,Vj] = -2vj, j = 1,2,3, 

[ui,Uj] = 2e ijk v k , [vi,Vj] = 2e ijk u k , i,j,k = 1,2,3, (2.4) 
= -*jjfe^, j,k = 1,2,3. 

Denote by s the Lie algebra (C°, [.,.]). It is easy to check that the s- 
module s ® s is generated by u\ ® v\, which is an eigenvector for ad^ with 
eigenvalue 0. From this fact, it follows at once that the dimension of the 
space of invariant linear maps Hom s (s(g>s,s) is 1, being this space generated 
by the Lie bracket. Also, Hom s (s (g> s, k) is one dimensional, spanned by 
the bilinear map induced by the norm n(., .). By extending scalar s, this is 
shown to be valid for any Cayley algebra, not necessarily split. 

Thus, let C be any Cayley algebra over k and let s be the Lie algebra 
(C°, [,-,])• Let q be a Lie algebra endowed with an action of s on g by 
derivations: p : 5 — ► dexQ, such that, as a module for s, g is a direct sum 
of copies of the adjoint module and the one dimensional trivial module. 
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Gathering together the copies of the adjoint module and the copies of the 
trivial module, q can be identified with 

0= (5 ® A) 9, (2.5) 

where Q is the sum of the trivial s-modules and A is a vector space. As 
d equals {d G q : p(s)(d) = Vs G s}, it is a subalgebra of s. Now, the 
invariance of the bracket in q under the action of s, together with the fact 
that Hom s (s<8)S,5) (respectively Hom s (s®s, k)) is spanned by the Lie bracket 
(respectively, the bilinear form induced by the norm) shows that there are 
bilinear maps 

d x A — > A, (d, o) h-> d(a), 

AxA^A, (01,02) •->■ 0102, (2.6) 
AxA^d, (01,02) i->- d 0lj02 , 
such that the Lie bracket on 3 = (s ® A) d is given by: 

• [d, s ® a] = s ® d(a) = — [s ® a, d] , 

• [si ® ai, s 2 ® 02] = [si, s 2 ] ® aia 2 + n(si, s 2 )d ai , a2 , (2.7) 

• [di, d 2 ] is the product in the subalgebra c), 

for any d,d\,d 2 G t>, s,s\,s 2 G s, and a, a\,a 2 G A The skew symmetry of 
the Lie bracket forces the product a\a 2 on A to be commutative, and the 
bilinear map d ai<a2 to be skew symmetric. 

Now, let us consider the Jacobi identity J(zi, z 2 , z 3 ) = on g, where 
J(zi,z 2 ,z 3 ) = ^2[[zi,z 2 ]z 3 ]: 

a 

• With z\ = di, z 2 = d 2 in d and z 3 = s ® a, s G s, a G A, this 
gives [di,d2](a) = di(d2(a)) — d 2 (di{a)). That is, the linear map 
$ : Z> — > g[(A), : a h d(a), is a representation of the Lie 
algebra d. 

• With zi = d, z 2 = si ® ai and z 3 = s 2 ® a 2 , d G 0, si, s 2 G s and 
oi, a 2 G A, the Jacobi identity gives: 

d(aia 2 ) = d(a\)a 2 + a\d(a 2 ), 
[d, d ai: a 2 ] = d^ ai ^ a2 + d ai ^(02)1 

for any ai, a 2 G A. That is, <3?(t)) C Dzx A holds and d : Ax A is 
a ^-invariant bilinear map. 

• With Zi = Si ® Oj, i = 1,2,3, G s, Oj G A, the Jacobi identity 
gives: 

^2n([s 1 ,s 2 ],s 3 )d ai a 2 ,a 3 = (2.8a) 

O 

X^(([[ Sl ' S2 ]' S3 ] ® ( a i a 2) fl 3) + (n(si,s 2 )s3 ® d ai ,a 2 («3))J =0 (2.8b) 

o 

Extending scalars, it can be assumed that C is split, so that 
a basis of C° as in (|2.4p is available. With s, = U{, i = 1,2,3, 
n([«i, u 2 ], W3) = 2n(f3,U3) = 2 and cyclically. (Note that, because 
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of the invariance under derivations of the norm, n([si, s 2 ], S3) = 
[$2, S3]) = n([s2, S3], si).) Hence (|2.8a|) is equivalent to 

daia,2,a,3 + d a2 a^,ai + d asai ^ a2 — (2-9) 

for any 01,02,03 £ A. 

Also, [[«i, 7/2], U3] = 2[i> 3 ,'U 3 ] = 2h and cyclically, and n(uj,Uk) = 
for any j,k. Thus (12.8bj) gives 

(0102)03 + (0203)01 + (0301)02 = ( 2 -10) 

for any 01,02,03 £ A. 

With si = m, s 2 = v\ and s 3 = h, [[si,s 2 ],s 3 ] = 0, [[s 2 ,s 3 ],si] = 
2h, and [[S3, si],s 2 ] = — 2/i, while n(si,s 2 ) = 1, and n(s2,S3) = = 
n ( s 3, s i)) so (|2.8bp gives (note that 2 = — 1 in k): 

(0301)02 - (0203)01 + d aua2 (a 3 ) = 0, 

which, by the commutativity of the product on A, is equivalent to: 

d ai ,a 2 (a) = a 1 (a 2 a) - o 2 (oio), (2.11) 

for any ai, a 2 , a G A. 



Lemma 2.12. Let k be afield of characteristic 3. The commutative algebras 
over k satisfying (I2,10p are precisely the commutative alternative algebras. 
Moreover, given any such algebra A, for any 01,02 consider the linear map 
d ai ,a 2 = [la!,la 2 ]j where l a denotes the multiplication by a. Then d aiA2 is a 
derivation of A and equation (I2.9D is satisfied. 

Proof. By commutativity, (|2.10f) is equivalent to 2(0102)02 + aio^ = 0, or 
(2 = —1) to a\a\ = (0102)02 for any 01,02, which is the right alternative 
law. Because of the commutativity, this is equivalent to the left alternative 
law, and hence the algebra is alternative. Now, any commutative alternative 
algebra is a Jordan algebra, since the Jordan identity is (x 2 ,y, x) = for any 
x, y, which is satisfied because any two elements in an alternative algebra 
generate an associative subalgebra (Artin's Theorem, see |Sch95]). Hence 
dai,a 2 = [^ai,^a 2 ] is a derivation of A. Finally, equation (|2.9I) becomes the 
linearization of [Z x 2,l x ] =0. □ 



Conversely, let C be a Cayley algebra over k and let 5 be the Lie algebra 
(C°, [., .]). Let A be a commutative alternative algebra, and let d be a Lie 
algebra endowed with a Lie algebra homomorphism <E> : d — > dtxA (thus, in 
particular, A is a module for d) , and a ^-invariant bilinear map d : A x A —* 0, 

(ax, 02) h-» d ai:a2 , such that *(d 01)02 ) = [l ai ,l a2 ] and ^d aia2ja3 = for any 

O 

01,02,03 € A. Then equation (|2.8a|) holds trivially by the invariance of the 
norm in C, and equation (|2,8b|) holds too, as it is equivalent to 

= y^( [[si,s 2 ,],s 3 ] ® (oio 2 )o 3 + n(si,s 2 )s 3 ® (01(0203) - 02(0103))) 

O 

= y^f([[si,s 2 ],s 3 ] -n(s 2) s 3 )si +n(s 3 ,si)s 2 ) ® (0102)03). 

O 
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But (0102)03 = —(0203)01 — (0301)02, so (|2.8j) holds if 

[[si, s 2 ], S3] -n{s 2 , s 3 )si + ra(s 3 , s x )s 2 = [[s 2 , s 3 ], si] -n(s 3 , s x )s 2 +n(si, s 2 )s 3 

for any si, s 2 , S3 € S, or 

[[si, S2], S3] + [[s 2 , S3], si] = 2n(s 1 ,s 3 )s 2 - n(s 2 , s 3 )si - n(s 2 , si)s 3 , 

which is equivalent to (|2.1|) . 
Therefore: 

Theorem 2.13. Ze£ C be a Cayley algebra over a field k of characteristic 
3, let 5 be the Lie algebra (C°, [., .]) . Let q be a Lie algebra with an action of 
s by derivations such that, as a module for s, Q is a direct sum of irreducible 
modules of two types: the adjoint and the trivial one- dimensional modules. 
Then there is a commutative alternative algebra A over k and a Lie algebra 
t> over k, endowed with a Lie algebra homomorphism <5 : d — > detA and a 
^-invariant skewsymmetric bilinear map d : A x A — » fl, (01,02) 1— ► d aii(l2 
with 3>(d ai) a 2 ) = [laiJaa] for any ai,a 2 £ A, such that q is isomorphic to 
the Lie algebra 

(s <g> A) © X) 

with Lie bracket given by 

• <} is a Lie subalgebra, 

• Id, s ® ol = s ® dfa), for s £ s, a £ A, d £ d, 

(2.14) 

• [si <g> ai, s 2 <8) a 2 ] = [s 1; s 2 ] (8) aio 2 + n(s 1 , s 2 )d aii a 2 , 

/or si, s 2 € s, and a\,a 2 £ A,. 

Conversely, the formulas in (I2,14p define a Lie algebra on the vector space 
(5 ® A) © d, which is endowed with an action of 5 by derivations: p : 5 — > 
Oer((s © A) © D), such that p(s)(s' © a) = [s,s'] © a, p(s)(d) = 0, /or any 
s, s' £ S, a £ A and d £ d. 

Remark 2.15. Over fields of characteristic 7^ 2,3, any commutative alter- 
native algebra is associative, because for any x, y, z, 

3(x, V, z) = (x, y, z) + (y, z, x) + (z, xy) 

= {xy)z — x{yz) + (yz)x — y{zx) + (zx)y — z{xy) 

= [xy, z] + [yz, x] + [zx, y] = 0. 

Remark 2.16. Let A be a unital commutative alternative algebra over 
a field k of characteristic 3 such that 1 (A, A, A) (this is the case for 
the unital commutative associative algebras). Then A is a Jordan algebra 
with a normalized trace, because if A is any codimension 1 subspace of A 
containing (A, A, A) but not containing 1, then A = kl © ^4°, and the linear 
form t : A — > k, such that t(l) = 1 and t(A°) = is a normalized trace. Let 
C be a Cayley algebra over k and define T(C, A) as in (jl.6p : 

T(C, A) = inOer C © (C° © A ) © inOer A. 
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Then T(C, A) is a Lie algebra (bracket as in (jl.7p . isomorphic to (s© A) ©0, 
with D = index A = [I a, I a], S = C°, and bracket as in Theorem 12 .131 (with <5 
the natural inclusion). 

This gives the natural extension of the fourth row in Tits construction to 
characteristic 3. The Jordan algebras that appear have nothing to do with 
the separable degree 3 Jordan algebras. 

It must be remarked that the simple commutative alternative algebras 
are just the fields, but there are nontrivial prime commutative alternative 
algebras in characteristic 3 (see [ZSSS82J). Recall that an algebra is simple 
if its multiplication is not trivial and it contains no proper ideal, while it is 
prime if the product of any two nonzero ideals is again nonzero. 

3. SUPERALGEBRAS 

All the arguments used in the proofs of Lemma 12.121 and Theorem 12.131 
are valid in the setting of superalgebras, if parity signs are added suitably. 
The super version of Theorem 12.131 is: 

Theorem 3.1. Let C be a Cayley algebra over a field k of characteristic 
3, let s be the Lie algebra (C°, [.,.]). Let q be a Lie superalgebra with an 
action of 5 by (even) derivations such that, as a module for s, q is a direct 
sum of irreducible modules of two types: adjoint and trivial. Then there is 
a commutative alternative superalgebra A over k and a Lie superalgebra t> 
over k, endowed with a homomorphism of Lie superalgebras <3? : U — > Vex A 
and an even ^-invariant (relative to <&) super skewsymmetric bilinear map 
d-.AxA^'O, (01,02) >-» d ai)02 with $(d ai ,a 2 ) = [hi, leu] f or an V a i, a 2 G A, 
such that Q is isomorphic to the Lie superalgebra 

(s ® A) © X) 

with Lie bracket given by 

• t) is a Lie subalgebra, 

• [d, s © a] = s © d(a), for s G s, a G A, d € f , (3 2) 

• [si <g> ai, s 2 (8) o 2 ] = [si,s 2 ] <8> aia 2 + n(s 1 , s 2 )d aija2 , 

for s\, s 2 G s, and a\,a 2 G A. 

Conversely, the formulas in (|3.2j) define a Lie superalgebra on the vector 
superspace [s <8> -A) © d (the even part is (5 <8> Aq) © Dq and the odd part is 
(s © Aij (BX>i), which is endowed with an action of s by (even) derivations: 
p : s — > 3er((s (8) A) ffii)), such that p(s)(s' © a) = [s, s'] © a, p(s)(d) = 0, for 
any s,s' G S ; a G A and d G 0. 

Recall that given a superalgebra A, its Lie superalgebra of derivations is 
the Lie superalgebra t)er A = (dex A)q © (Uet A)j (a subalgebra of the general 
linear Lie superalgebra qI(A)), where for any homogeneous d G dex A and 
homogeneous a i,a 2 G A: 

d(a 1 a 2 ) = d(ai)a 2 + (-l) dai a 1 d(a 2 ) , 

where, as usual, (— \) dai is —1 if both d and ai are odd, and (— l) dai is 1 
otherwise. The Lie bracket of homogeneous elements in gl(A) is given by 
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[fid] = f 9~ {~^)^ 9 9f ■ The fact that d in the Theorem above is even means 
that d(Ai,Aj) is contained in for any i,j G {0,1}; and the invariance 
of d relative to $ means that 

[f,d ai! a 2 ] = dq>(f)( ai ),a 2 + (- 1 ) daid a 1 ,<I>(/)(a 2 ) 

for any homogeneous elements /GO and a\, a?, G A. 

The importance of Theorem 13.11 lies in the fact that there do exist inter- 
esting examples of commutative alternative simple superalgebras in charac- 
teristic 3. Besides: 

Proposition 3.3. Let A be a nonzero commutative alternative superalgebra 
over a field k of characteristic 3, and let d be a Lie superalgebra endowed 
with a homomorphism of Lie superalgebras <3? : d — > ()zxA and an invariant 
(relative to <&) skewsymmetric bilinear map d : A x A — > d with $(d 0l a2 ) = 
[lai,la 2 ] f or an V a i) a 2 £ A. Let g = (s (g> A) © c) be the Lie superalgebra 
constructed by means of (13, 2D . Then g is simple if and only if the following 
conditions are fulfilled: 

(i) <J> is one-to-one, 

(ii) D = d A ,A(= span{d aua2 : ai,a 2 G A}), 

(iii) ^4 is simple. 

Proof. Assume first that g is simple. Since ker $ is an ideal, not only of d, 
but of the whole g, it follows that $ is one-to-one. Also, (s <8 A) © cZa,a 
is an ideal of g, so = 0. Finally, if / is a nonzero ideal of A, then / 
is invariant under d&,A because <&{dA,A) = [Ia,Ia] is contained in the Lie 
multiplication algebra of A. Hence is ® I) ffl dj,^ is an ideal of q, and it 
follows that L = A. Hence A has no proper ideals, so it is either simple 
or dim A = 1 and A 2 = 0. In the latter case = $(dA,A) = [I Ay I a] 

would be 0, and g = s <g> A would be a trivial Lie superalgebra ([0,5] = 0), 
a contradiction to the simplicity of g. 

Conversely, if condtions (i)-(iii) are satisfied, A is unital [She97j . and 
hence s (— 5 <8> 1) is a subalgebra of g. If a is an ideal of g, the invariance of 
under the adjoint action of s shows that a = (s (8> I) © e for an ideal I of 
A and an ideal e of Q. Now, the simplicity of A forces that either 1 = 0, but 
then c C ker $ = and a = 0, or / = A and then 5 <8> A is contained in a, so 
dA,A = is contained in a too and a = g. Hence g is simple. □ 

Shestakov's classification [She97] of the simple alternative superalgebras 
over k (characteristic 3) shows that any central simple commutative alter- 
native superalgebra is, up to isomorphism, either: 

(i) the ground field k, 

(ii) the three dimensional composition superalgebra 5(1,2), with even 
part 5(l,2)g = ^1, and odd part 5(1, 2)j = ku + kv, with 1 the 
unity element and u 2 = = v 2 , uv = — vu = 1. This is the Jordan 
superalgebra of a superform on a vector odd space of dimension 2, 

(iii) an algebra 5 = 5(r,5,0), where T is a commutative associative 
algebra, D G OerT is a derivation such that T has no proper ideal 
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invariant under D, Bq = T, B\ = Tu (a copy of T) and the multipli- 
cation is given by: 

• the multiplication in T, 

• a(bu) = (ab)u = (au)b for any a, b G T, 

• (au)(bu) = aD(b) — D(a)b, for any a, b G T. 

Given a form s of psl 3 (k) and the commutative alternative superalgebra 
A = i?(l,2), its Lie superalgebra of derivations is naturally isomorphic to 
sl(Aj) ~ (k), and the simple Lie superalgebra q = (s ® A) © ?>a,a in 
Theorem 13.11 has even and odd parts given by: 

So = (s <8> A 5 ) © (f a,a)o - S © s[ 2 (fc), 

0i = (s ® Aj) © (0a,a)i = « ® Aj. 

For an algebraically closed field k, this coincides with the Lie superalgebra 
that appears in [Eld06t Theorem 4.22(i)], and also with the derived subal- 
gebra of the Lie superalgebra q(S2,S\^) in \CE&\ ICEb]. 

Also, assuming that k is algebraically closed, according to [Blo69] or 
[Yua64j any finite dimensional commutative associative algebra T over k 
endowed with a derivation D satisfying that T is D-simple (that is, there 
is no proper ideal invariant under D) is isomorphic to a truncated polyno- 
mial algebra k[ti, . . . , t n : if = 0, i = 1, . . . ,<n] which, in turn, is isomorphic 
to the divided power algebra 0(1; n), which is the fc-algebra spanned by 
the symbols t^ r \ < r < 3 n — 1, with = 1 and multiplication given 
by = ( r + s )t (r+s) . The isomorphism takes U to t^'^, i = l,...,n. 

The simplest D G dtx 0(1; n) for which 0(1; n) is D-simple is the derivation 
given by D : 1— > t^ r_1 ) for any r. 

4. Bouarroudj-Leites superalgebras 

Recently, S. Bouarroudj and D. Leites |BL06j have constructed an inter- 
esting family of finite dimensional simple Lie superalgebras in characteristic 
3 by means of the so called Cartan-Tanaka-Shchepochkina prolongs. These 
superalgebras are denoted by bj, of dimension 24, and Bj(l;iV|7) (N an 
arbitrary natural number), of dimension 2 4 x 3^. All these algebras are 

9 qiV 1 

consistently Z-graded: = © i= _ 2 _ Qi and qq (respectively jjj) is the sum 
of the even (resp. odd) homogeneous components. Besides, 0o is the di- 
rect sum of a one dimensional center and an ideal isomorphic to psl 5 (k), 
dini0_2 = 1) 01 is an adjoint module for the ideal isomorphic to psl 3 (k) in 
0o- The positive homogeneous components are all either a trivial one di- 
mensional module or an adjoint module for psl 3 (k), or a direct sum of both. 
Therefore, these Lie superalgebras fit in the setting of the previous section. 

The Lie superalgebra bj satisfies that its even part is isomorphic to 
skfo) © psl 3 (k), while its odd part is, as a module for the even part, the 
tensor product of the natural two dimensional module for S^A;) and the ad- 
joint module for psl 3 (k). Therefore, it coincides with the Lie superalgebra 
obtained in the previous section for A = £>(1,2), which appeared first in 
[Eld06j . 

Over an algebraically closed field k of characteristic 3, by dimension count, 
the Lie superalgebra Bj(l;A r [7) must be necessarily isomorphic to a Lie 
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superalgebra as in Theorem 13.11 for T = 0(1; N) and a suitable derivation 
D. 

Let T = 0(1; N) and let D be the derivation D : tM ^ for any r. 

Then the commutative alternative superalgebra B = B(T,D,0) = T © Tu 
is consistently Z-graded with degi^ = 2r, degu = —1. In this way, B = 

©S^r^-Bi, and dimBi = 1 for any % = -1, . . . , 2(3^ - 1). Then d = d BjB 
becomes a Z-graded Lie superalgebra too with deg D = —2. For any a, b E T, 

4,6 = [la,k] = 0, SO do = [Ibj,Ib x ]- 
But for any a, 6, c G T: 

[4u> W|(c) = (au)(bcu) + (bu)(acu) 

= D(a)bc - aD(b)c - abD(c) + D(b)ac - bD(a)c - baD(c) 

= -2abD(c) = abD(c), 

[lau,hu](cu) = (au)(D(b)c - bD(c)) + (bu)(D(a)c - aD(c)) 
= (aD{b)c - abD(c) + D(a)bc - abD(c))u 
= D(abc)u. 

Thus = spanjcfc : x E T}, with d x \r = xD, d x (yu) = D(xy)u for any 
x, y G T. The degree of d x is deg x — 2. 

Also, d\ = [Ib 5 , ^Bj], and for any a, 6, c G T: 

[Za,^u](e) = a((bc)u) - (bu)(ac) = 

[^a, W(cu) = a(L>(6)c- 6D(c)) - (bu)(acu) 

= aD(b)c - abD(c) - D(b)ac + bD(ac) 

= (D(a)b)c. 

Thus d\ = span{<5 x : x G T}, with <5 x |r = 0, 5 x (yu) = xy for any x,y € T. 
The degree of 5 X is deg x + 1 . 

Hence c) has dimension 2 x 3 , and then the simple Lie superalgebra 
(psl 3 (fc) © B) © 0, with £ = ^(r, D, 0) has dimension 7x2x3^ + 2x3^ = 
2 4 x 3 W . Moreover, d is consistently Z-graded: 

d = d- 2 © d © d i © n 2 © • • • © f 2 . 3 iv_4 © f 2 . 3 iv_ 3 © *> 2 .3w_i. 

Observe that D_i = = 2 .3iv_ 2 , while Uj has dimension 1 for any other i 
with -2 < z < 2 • 3 W - 1. 

Now, with deg g = for any g G ps( 3 (/c), the simple Lie superalgebra 
= (psl 3 (k) © B) © c) is consistently Z-graded too: 

= ffi| = _2 ft, 

with g„2 = f-2 = kD, 3_i = ps[ 3 (A;) © B^i = ps( 3 (£;) © u, q = (psl 3 (£;) © 
B ) © d = (psl 3 0) © l) © k(t^D), and each 0j, < i < 2 ■ 3 N - 2 is the 
direct sum of psl 3 (/c) © Bi and di, that is, as a a module for psl 3 (A;), it is the 
direct sum of a copy of the adjoint module and a copy of the one dimensional 
trivial module. Finally, 2 . 3 iv„ 2 1S J us t P 5 h(k) ® B 2 . 3 n_ 2 = psl 3 (k) ©^ 3 _1 ) 
(just a copy of the adjoint module), and 02-3^-1 is J us t ' ) 2-3 JV -i = k5^ 3 N_ 1 - ) 
(a copy of the trivial module). This is exactly the way Bj(l; N\7) is graded, 
and this is no coincidence: 
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Theorem 4.1. Let k be an algebraically closed field of characteristic 3, let 
N be a natural number, and let T be the algebra of divided powers 0(1; iV). 
Consider the derivation DofT given by D(t^) = t^^ 1 ^ for any r and the 
simple commutative alternative superalgebra B = B(T,D,0). Then the sim- 
ple Lie superalgebra g = (psl 3 (k) <%)-£>) ®ds,B in Theorem \3.1\ is isomorphic 
to the Lie superalgebra of Bouarroudj and Leites Bj(l;7V|7). 

Proof. Both g and Bj(l; iV|7) share the same negative part g_ = g_ 2 © 0-i, 
and hence both of them embed in the universal graded Lie algebra U(q-) 
(sec [FS92J), which is contained in the Lie algebra of special derivations of 
the tensor product of the divided power algebra 0(1) and the Grassmann 
superalgebra A(7) on a vector space of dimension 7 (0(1) is the span of tW 
for any r > 0, with = ( r | s )t (r+s) ). Consider both g and Bj(l;JV|7) 

as subalgebras of U = C/(g_). Actually, Bouarroudj and Leites consider 
an infinite dimensional Lie superalgebra Bj(l|7) which is contained in U = 
U(g-). The superalgebra Bj(l;iV|7) is just the intersection of Bj(l|7) with 
the Lie superalgebra of special derivations of 0(1; N) (g) A(7). 

Since g_ 2 = [fl-i, 0-iL the action of go on g_2 is determined by its action 
on g_i. By transitivity, U$ embeds in End(g_i) ~ End(ps[ 3 (/c)), and both 
go and Bj(l;A r |7)o act on psl 3 (k) in the same way (the adjoint action of 
p$l s (k) and the one dimensional center acting as a nonzero scalar). Hence, 
as homogeneous subalgebras of U, go = Bj(l;A r |7)o = Bj (1 |7)o ■ Write 
Bj = Bj(l|7). For any i > Bjj is defined recursively as 

{x G Ui : [x,g_ 2 ] C Bjj_ 2 , [x,Q-i] C Bj^J, 

so it follows that g« C Bjj. But by dimension count, it follows that g« = 
Bj(l;JV|7)i = Bj(l|7)i for any < i < 2 ■ 3 N - 2, while both g 2 . 3 iv_ 2 and 
Bj(l; -/V|7) 2 .3iv_2 are the unique copy of the adjoint module for psl 3 (k) C 
Uo in Bj(l|7) 2 . 3 iv_ 2 , and both g 2 . 3 iv_i and Bj(l; A r |7) 2 . 3 iv_ 1 are the unique 
copy of the one-dimensional trivial module for psl 3 (K) in Bj(l|7) 2 . 3 jv_ 1 . 
Therefore, g = Bj(l;iV|7) (as homogeneous subalgebras of U). □ 
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